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Abstract

Heuristics are presented in this dissertation to determine cost—efficient routes for a class of
network routing problems. These problems have the characteristics that their edges (ie.
links) ench need to be traversed a specified (though potentially different) number of times,
and that the traversals of the same edges need to be spread cut in relaticn to each other in
the route. The heuristics developed are the first known procedures to explicitly tale into

acoount spread consideraticns for edge routing problems.

A roube construction heunstic and a route improvement heurstic are introduced. The con-
struction heuristic males use of well-lnown graph—thecretic algorithms (such as those for
calculating shortest paths, minimum spanning trees and matchings ) to generate apprond-
mabe solutions. The improvement heunstic accepts the route generated by the construction
heuristic as input and attempts to impresre it in an iterative manner. The procedures are
tested on random data, as well as on an industry problem to ind o route for a testing wehicle
through the Scuth Afrecan milwa neteorle.

The principles emploved by the improvement heuristic may be extended to cther fipes of
routing problems, and allew methods tradifionally asscoisted with problems such == the
Travelling Salesman Problem to be applied to edge routing problems. MNew compubation-
allv efficient heurstics for the Rural Postman Problem are introduced | and these seem to

cutpediorm the lknown heuristics currently asvmilable for the problem.



Opsomming

Heuristiese tegnisle vir 'n nuwe netwerk roeteringsproblesm word in hierdie prostslkof ont-
wildeel. Die roeteringsprobleem behels die konstrulsie van "n roete deur 'n netwerk (so0os 'n

vervoer netwetlt ), waarin ellkesn van die skalwels 'n potensies] verskillende minimim asntal

1
kere deurstap moet word. Hierdie roete most nie net so kot o5 moontlik wees nie, moar
cpeenvolgende besoele aan diesslfde skalels most ool ewewdig ten opsighe van meloaar uit-

gesprel wess.

'n Hoete konstrulmieheunstiel:, sowel 'n roebe verbebaringsheuristiel word gebruil: om die
problesm op te los. Tie lonstrulssisheunstisl berus op elende grafeltecretiose algontmes
(soos dié vir die bepaling van lortste rostes, minimum spanbome en lyn—afparings) wat
toegepns word om "n benaderde oplossing tob die rosterngsproblesm te verlay, Dit lmn ge-
bruik word ss 'n allesnstaande prosedure of om beginoplossings te slep vir post—optimering
deur byoorbesld die werbeternngsheunstiel. Beide heuristieke is op ewelansig gegensresrde

netwerle getoets, soweal as op die Suid—Afrilnanse spoorhrnnetwerk om "n roete vir n spoor-

bin toetstrck te bepaal.

Die beginsels waarrclgens die werbeberingsheunstielk werk lmn ook op ander resterings-
probleme toegepss word, en maak dit moontlik om mebodes vir nodus rostenngsprobleme,
soos die belende Handelsrersrgersprobleem, te gebruil vir slalel rosterngsprobleme. ITuwe
heuristiele vir die Landelthe FPosbode Probleem i5 oolt, o6 "n demonstrasie, geimplementeer en

hisrdie heunstieks blvk beter resultate te lewer as bestaande heunstisks vir die problesm.

iv
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Glossary

Active Traversal: An active traversal is the troversal of an edge of a graph, repre-
santing one of the minimuim nmumber of fimes that the edge should be tramrersed in the
SHTFPF.

Acyclic Graph: An acyclic graph is a graph that does not contain a cycle.

Adjacent Edges: Edges that are incident with a common vertex are said to be adjacent

adgas.

Adjacent Vertices: Vertices are said to be adjacent if they are joined by means of an

adga.

Arc: An arc is an adge that has a direction associated with it, indicating the direction in
which it moyv and mayv not be troversad.

Arc Routing Problems (ARP): A class of problems that require the determination of a
route through a graph with requirements dickating (only) the arcs or sdges to be
visited.

Chinese Postman Problem (CPP): The CPP is the problem of finding a closed route
of minirmim total weight through a weighted graph, troversing ench edge of the graph
at least cnce.

Complete Graph: A completes graph is o graph that hos edges betweean all pairs of its

wvartices. If it has an order of n, then its zize is M

Component: A cooponent of a graph i5 a maximally connect ed subgraph of that graph.

Computational Complexity: The computational complexity of analgorthmisa mea-
sure of the amount of computational effort expended when a computer solves a problem

X



GLOSSARY xvi

using that algonthm Ik is thought that some problems are impeossible o solve in an
amount of time asympbotically bounded by a podyvnomial funckion of the input size of
the problem. These problems are considered infraciable, wherens those that can be
solved in a polvnomial amount of time are cansidered fractable.

Connected Graph: A connected graph is one in whidh it i5 possible to find a routs

betwesn anyv pair of its vertices.
Chycle: A cycle 15 o closed route in which no adge 15 repeated.

Diegree of a vertex: Thedsgresof a vertex is the number of verkices that are adjacent
to it

Domicile Vertex: The demicile vertex is the starting and ending vertex of a closed
routa, Although any werbex may be seen as the starting and ending wertex of a closed
route (sinece it is circular), a particular vertex representing the storage point or depot
of avehicle is often specified as domicile verbex for vehicle routing problems.

Edge: An adge is a 2—element subset of the vertex set of a graph. In graphical represen-
tations of graphs, edges are often denctad by lines joining vertices.

Edge set: The adge set of a graph is the sat of all of its edges.

Eulerian Graph: An sulerian graph is a graph for which it i5 possible to ind a closed

gulerian trail.

Eulerian Trail: An sulerian trail is a route that troverses eadch edge of a graph once
and cnly once. An suleran trail is said to be closed if it sbarts and ends at the same
vartex and is said to be open ctherwise.

Graph: A graph is a finite, nonempty set of elemeants, called vertices, and a (possibly
empty) set of 2-element subsets of the vertex set called edges. A graph may be
respresentad (graphically) as a set of points, with lines connecting some, none, or all

pairs of points.

Minimmm Spanning Tree: A minimum spanning tresisaspanning trescofaweighted
graph for which the sum of the weights associated with the edges of the tras is the
smallest value possible (out of all spanning trees of the graph).



GLOSSARY aovil

Incident Edge: An edge e = [u,v | is said to be incident to vertices u and v.
Order: The order of a graph is the number of vertices in the graph.

Passive Traversal: A passive traversalis the traversal of an edge of a graph that does
not represent one of the minimum number of fimes that the edge is traversed for the

SHTPF (ic.w. it is any traversal that is not an active traversal)

Boute: A routs is an alternating sequence of vertices and adges, starting and ending at
vertices, in which ench edge is incident with its neighbouring vertices in the sequence.
A route 15 sald to be dosed if it starks and ends at the same wertex and is said to be

open ctherwisa.

Rural Postman Problem (RPP): The RPP is the problem of finding a closed routs of

minimum total weight through a weighted graph, traversing o pre—defined subset of
the edges of the graph at least cnee.

Scheduled Multiply Traversed Postman Problem (SMTPP): The SHTPP is the prob-
lem addressed in this dissertation. It is the problem of finding a closed route that fra-
varses ench adge of a weighted graph at lesst a specified | potentially different) number
of times. Each of these minimmuim number of traversals of an edge are referred to as
active traversals,whereas all cbher traversals are referred to as passive traversals.
The total weight of this route must be not coly be as short as possible, but the ackive
traversals of the same edge must be ewenly spread through the route accading to a

criterion for sprend, defined in temporal terms.
Size: The size of a graph is the number of sdgas in the graph.

Spanning Subgraph: A spanning subgraph is a subgraph H of a graph & with V'(H) =
(&), where 1'(G) denctes the vertex set of a graph G

Spanning Tree: A spanning tresof a graph is a spanning subgraph thatis also a tres.

Subgraph: A graph H is a subgraph of a graph G if V(H) C ViG) and E(H) C E(G),
where E(G) and V(G respectively dencte the adge set and vertex set of a graph
&, and similarly for H.
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Travelling Salesman Problem (TSP): The TSP is the problem of determining o minimum-—
welght route through o graph, traversing ench wartex of the graph at lenst cnce.

Traversal of an edge: An =dge is said to be traversad if it is present in a route under

consideration.

Tree: A tree is a connected graph with no cycles If it hos an order of n then its =ziza
isn — 1. It has the minimum number of sdges possible for a connected graph.

Vertex Routing Problems: A class of problems that require the determination of a route
through a graph with requirements dickating (only) the vertices to be visibed.

Vertex: A vertexis acombinatonal element in terms of which a graph 15 defined. Vertices

are dencted by points in graphical representations of graphs.
Vertex set: The vertex set of a graph is the set of all of its vertices.

Weighted graph: A weighted graph is a graph that has a wmlue, or weight, asscciabed
with each of its edges, frequently representing some financial ccet or distance related
to a real-life syvstem medelled by the graph.



Chapter 1

Introduction

Through the knowled ge gained by systematized chservation and expernmentation humans
have gained a measure of understanding of their environment and an ability to inHuence it
to their adwmntage. This knowledge, and the activities involved in obtoining it, are collec-
tively referred to o= saence [54]. One of the branches of science that aids humans in intu-
encing their environment to their advantages is the study of determining the effective and
efficient emplovment of rescurces — the domain of the discipline of Operafions Research (OR).

In the fisld of OR several recurrning situations have commeon characteristics that allowr them to
be addressad by using standard models and sclution techniques. Problems invalving the de-
termination of routes through strest neteorls are sometimes medelled by graphs and solved
using algorthms associnted with the mathematical discipline of graph theory, for exnmple.
A graph thecretic medel and associated scluficon procedures for a previously unresearched
class of neteork routing problems are presented in this disserbation. These are expected
to be useful in the realm of determining efficient service routes in transportation networls

under cerbmn clircumstancss.

The problem under consideration is described informally in Section 1.1, This is followed by
a broef introduchion to some basic required theorv in Section 1.2, and a formal problem deh-
miticn in Section 1.3, The problem is illustrated b means of a small eccampls in Section 1.4
After discussing o number of practical implications of the problem definition in Section 1.5,
the structure of the remainder of the dissertation is discussed in Saction 1.6.
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1.1 Ovwverview

Consider a network (such as a transportation networl:) comprising edges (o streets) that
hove requirements specifving howr many times ther nesd to be tmoversed or serviced. An
imporbant practical requirement for such a service route would be that the tobal distance
travelled should be as shoot as possible. Ancther might be that the times at which the
same edge i5 serviced must be spread out through some schedule window. For example, in
a railway application (such as the ane presented laker as a cose study), it may be necessary
to test trocls for faults owver the coumse of a paricular venr. Cerbain categories of tracls
(such as metro lines ) may need to be tested four times a vear whereas cbhers (such as rural
lines, for example ) only cnce or twice. Insuch an application it would be important that the
times at which a track is tested be spread evenly throughout the vear. This requirement for
spread conticts with the requirement that the total distance travelled be as shork as possible,
becauss the practics of servicing an edge several times back—be—bad: or while in the general
area of the edge would frequently resulk in a shorber tobal fravelling distance.

The problem described abowe, which belongs to the closs of sc—oalled arc rowfmg problems,
i5s addressed in this disserbation. Arc routing problems are those problems that require the
determination of a route (ie. sequence of edges) through a networl: with requirements die-
tating only which ed ges should appear in the sequence. This is in contrast to verfer moufing
problems where the visiting requirements are placed on vertices, or mesting points of ed ges.
Iany real-ife neteorl: sarvice problems are modelled o5 arc routing problems and conse-

quently several varnants hawe appeared in the liberature.

The are routing problem considered in this dissertation is a genemlisation of the well-dincwn
Aumal Postman Froblem and the algonthos presented here are feurssiic, or approcimabe,
algorithms. Heuristic algerithms are often used in place of eract (ie. optimal) algorithms
in situations where the computational fime required to solve a problem to optimality groes
excbremely quidily as the size of the problem increases (=5 is the case in the problem considered
herai. Other reassons for using heunstics include the fact that thew are easily adapted to
suit real-life problems (Bodin [8]) and that they can be useful in determining upper bounds
for exact methods. [Mote that throughout this dissertation the term solufon refers to any
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tensible answer for a routing problem being considered , and not necessarily an optimal one.

This i5 acommeon convention and simplifies the discussion of the heurstics.

1.2 Basic Theory

The formal problem definition provided later in this chapter, and the libarature surven of
the nenct chopter, require a basic understanding of graph theory and the theory of com-
putational complexity of algonthos to facilitate their understanding These concepts
are therefore introduced beforehand. Additional theory is introduced in later chapters, as

required.

A graph § is afinite, nonempty set 17(G) of cbjects called vertices and a possibly emphy
set E(G) of 2—element subsets of {7} called edges. The set 17(5) is called the vertex
set of G and E(5) its edge set. It is usually more convenient to dencte an edge [u,v} as
uv. Everv graph mayv be represented graphically as a set of points and lines, where vertices
are represented by points and edges by lines. For exmmple, Figure 1.2.1 is a graphical
representation of the graph &, defined by the s=ts

II':-GII' = [E,E,E‘,I,p‘,::h |:131|

E(G) = [uv,uw,wz, 2,72}, (122)

Let € and f be edges of a graph © and let w,v € V(G). fu £ ¢ and v £ e then vertices
u and v are said to be adjacent, and ¢ is said to be incident to w and v. I w £ ¢ and
u © f then the edges ¢ and f are said to be adjocent. Vertices £ and v in Figure 1.2.1 are
adjacent, as are edges Ty and rz The number of vertices in a graph is called its order and
the number of edges its size. The defrees of a vertex is the number of vertices to which it
15 adjacent. A verbex is called even if its degres is an even number and odd if its degree is

an odd number. A route R in a graph G is an albernating sequence
R = tn,€1, 01,80, Uy - 3Un_1,€n,0n (72 22 0]

of wertices and edges, beginning and ending with werbices, such that e; = v;_qu; for 1 =
12

It R

. The term rouvfe is dehned for convenience here, and is usually referred to as a
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~
QL kY
¥ HHH‘-\H .;?'J
. w
)]
=
Figure 12.1: A graph § defined by vertex zet V(G) = (v, vw z,p 2} snd edge 2ot EG) =

{r_-r.', LT, W, TR, .1::}

walk in graph thecry texts (see for eample Chartrand &= Oellermann [15]). A closed route
i5 one that starts and ends ab the same verbex. An edge i5 said to be traversed by a route if
it is contained in the route. A graph is said to be connected if it is possible to find arcute
betwean any pair of its verkices. A graph H is asubgraph of a graph G if I'(H) C (&) and
E(H)C E(C). A component of a graph is a connected subgraph of maximum size. Graph
thecretical algonthms for practical applications frequently operate on weighted graphs,
that is graphs in which the edges have been assigned weights (ie. real values) that often
represent financial cost or distance in the application. An arc is defined as an edge that has
a direction sssociofed with ib, indicating the direction in which the edge mo be troversed.
Arcs are often used to model directional properties in practical applications, and any edge
moy be viewad as two arcs sharing the same verbices and of opposing direckion. The defini-

ticns of adjncent vertices and edges and of routes mm- be gensralised in the obvicus manner

to cater for arcs.

The complexity of an algorithm is a messure of the amount of computational effort ex-
pended when a computer solives a problem using that algorithm. The computational com-

plexdty of an algonthm is often expressed in terms of worst—oose execution time. Problems

that can be solved in an amount of time bounded by a polvnomial funckion of their input
size are usually considered trackable. Problems categorised as being WP—-Hard and NP—
Complete are thought to hare the property that it i5 impessible to create an algorithm
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that »ould solve them in an amount of fime bounded by a polvnomial functicn. The larger
instances of thess tipes of problems are often addressad by solving relasations of the problem
or by using heuristic techniques. The complexvity of an algorithm is usually dencted O(c(n)),
meaning that the womst—cosse execution time of the algarithm is no longer than a constant
multiple of c{n), a function of input pammeter n, dencting the size of the problem in some
conbeot. The algorithm is said to have a complexity of the crder c(n). To illustrate the pro-
oess of determining the computational complexcity of an algornthm, consider the algorithm
PRINT-PRODUCT.

Algorithm: PRINT-PRODUCT
1. Inputn: Seti=d,;=0
2a. Fori =1 tom
b, For j=1ton: Prnt: <
For each one of n times that sbep 2a of algonthm PRINT-PRODUCT is executed, step
2b is also repeated n times. The compledty of the algorithm is therefae I'J'I:rz: I, because

the length of its execution fime is a function of the square of the magnitude of the input
paramester 2.

1.3 Problem Definition

The problem considered in this disserbation hos already been described informally in Sec-
tion 1.1, A formal description is provided in this secticn.

The problem under consideration is a generalisation of the well-linown Rural Pestman Prob-
lem (RPP ), described in some detail in Chapter 2. It has the additional characteristios of
mlkiple required traversals of edges and the need to separate the travemsals of these required
adges in the route.
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In general, a RPP with these “sprend’ dharncteristics can be described as follows.

Consider a weighted graph G of order p. with verfer sef V(G) = {2y, ... Fi'.IE,}n and
edge set E(G). Denofe the weights associated with the edge wv; of G by the fuple
(eli, 71, Fl2,70), wherec(i, 1) fs referrad fo as the cost waight and fii, ) fhefrequency
weight. We seek a closed roufe R that fraverses each edge of G af least f(i,]) fimes
(each of these minimum number of fraversals are callad active traversals while other
traversals are called passive traversals | The sum of the cost weights of the edges
m K must be as small as posastble, while simulfaneously ensurmg fhat fthe adfive

traversals of the same edges are seperafal from each other in R (this seperafion is
callad sprend ) m accordance fo some defined criderion.

The criterion used to measure this spread cbjective can be defined in different wans. For
encample, it moy be caloulated according to o function thoat mensures the degres to which
the posifionsof the acki+e traversals in R are spaced in relabion o each other. It could also
be caloulated sccording to some other measure related to the cost weights: e.g. in a wehicls
routing content 1t moy be desirable to spread the active traversals cut evenly through a time
period , where in this cose the cost weights are expressed as distances and the times at which
the ed ges are traversed are calculated using these distances and the speed of the whicle.

In addition to these considerations, the manner in which the two (conflicting) optimisation
ohjectives of the problem, namesly that of minimising route cost and spread, are treated is
of importance. Two possible approaches that can be folowed are, firstly, to use a goal-
programming approach where a solution representing a trade—off betwesn the optimisation
requirements of both objectives is sought or, secondly, to define an acceptance threshold
for cne of the objective functions and to seel: the best sclution, with respect to the other
objective function, that is also better than the acceptance threshold. These issues are ad-
dressad in the problem formmilation that follows. The resultant problem is the subject of this
dissertation and is henceforth referred to as the SMTPP (Scheduled Multiply Traversed
Pestman Problem), so named due to the sheduling sspect that the spread requiremnent of
the problem introduces.
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In the EMITPP awhicle routing viewpoint is sssumed by defining spread in temporal terms.
This appreach is used bacause it is thought to be relevant to many practical situations (nete,
hewever | that the principles of the heuristics developed for the SMTPP in this dissertation
are applicable under different definitions of the notion of spread ). The cost weights of the
edges represent distances and the ackive trawermsals should be spread evenly through some
time window of duration T (a user—defined parameter). The time talen to traverse an edge is
caloulated using an estimate of the vehicle’s spead or can be provided seperately for each adge
based on obsermbion of the real-life system being modelled. To aid the discussion, a solution
representation is introduced before descrobing the cbijective functions of the problem A
sclution to the SMTPP is representad by asequence S5 = (o, , v ), (2,0, o (8, %, )
of ackiely traversed edges in the crder in which thev are traversed. Passive traversals are
omitbed from the sequence and are assumed to take place along routes comresponding to
shortest distances betwesn the edges of the sequence. The total distance of the route is
therefore given b

Ji&Y = icl:s,-,t- I -I—ﬂila'lzi‘}-, si41) +d(ta, 51), (1.3.1)

i=1 =1
where dik,!) denctes the shartest distance betwesn any two verbices vy and o in &, and
c(i,7) is the cost weight, as before. Let pi, ;) dencte the time talen to traverse edge v;v;
and let g(k,!) dencte the total travelling time along any route with the shorbest distance
from v, to vy in G, ie. the value of g(k,!) can be calculated by adding the pii, ;) wmlues for
each edge v;v; encountered on a route along the shortest distance from & to . The travelling

time taken to reach an ackive traversal in 5 is given by

=1 =1

DSy =3 pis )+ 3 qlt;sa),

il 1
where r = 1,2,...,n denotes the position of the active troversal in &. The total trawelling

time of the route is given by

TS =D, (8) 4+ glt,,s1).

For afeasible sclution the wmlue of D=5 is smaller than or equal to 7 (defined earlier). In
many practical applications the value of T™S) will, in fact, be substantially smaller than
that of 7. Particularly in these coases it becomes necessary to seperate the route into portions,
leaving periods of vehicle inacitivity between the portions. Practically, these pernods of
inactivity correspond to times at which the whicle meay not work (e.g. afber hours or public
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holidayvs ) or simply toidle time. The approach talen in this dissertation is that the route is
separated into x segments of equal duration (called shiffs) that are evenly placed through the
interval [0, 7] on the real line (where & is a user—specified parameter), as shown graphically
in Figure 1.3.1. The duration of each shift therefore equals D™= {5/

T - o= (W - e T - o= T - m= (T
-1 K K 2K
- ==
i Shilt L Shil 2 SHER -1 i K T

Figure 1.3.1: Theroute schedule for 2 solubion sequence 5 nith total travelling tloe EF[.S:I The schedule

hes w shifts 2nd 2 Juration of T time parts.

A discussion of practical considerations relating to the choice of the wmlue for & is delomed
until laber. Under the scheme depicted in Figure 1.3.1 the time at which the traversal of the

I cocurrence of edge v;v; in & commences 15 given by

fupual s = — T -
-3 T N vt '| . 21
S, TR =D e (5) + D S)/n koo )] (13

[ uald

where pos; (&< {1,...,n}is the position of the I** cocurrence of edge v;v; S, Given
the calculated fimes of traversal for the edges in 5, the temporal spread for the SMTPP
meoy be caloulated ber the funchion

:
T""Frjﬂi] {H'Eullu;‘]rsl'_l"]_uijl:%] rsr_ﬁ"':| 1\12
B T -1
TS, r,xi= 1.3.31
S - Fli7)—1 (1.3.3)
Ty E.E[I:."r:l
Fli =1

where fii,7), intreduced earlier, denctes the frequency weight of edge v;u; in &. Edges that
nead to be troversed actively just onoe may be traversed at any time during the time window:
without inHuencing the temporal spread of the route, and consequently ed ges with frequency
fii,7) = 1 are omitted from the chjective T(S5, 7, k). The objective takes its minimum value
of 0 if and only if u/™*(S, 7, k) — ul*{(S,7,x) = 7/ (i, ) for all edges v;v; € E(G), ie
when the tempearal spread between consecutive active troversals of all ed ges are ideal (equal
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and maximal). Othervwise the walue T(S, 7, %) is positive. The expression in (1.3.3) therefore
measures the square rock of the sum of the squares of the percentage deviation of all poirs of
closest active traversals (of the same edge) fram their ideal value. The function is similar to
an ordinary standard deviation calculation, but it differs in that it ealculates the (linearised )
second order moment of the percentage temporal deviation with respect to cero, and not
with mespect to their mrerage values.

The functions C(S) and T(S5,7,x)in (1.3.1) and (1.3.3) are the two objective functions of
the SMTPP. The optimisation approach talen in the SMTPP is to view the spread func-

tion (1.3.3) as a constraint and to attempt to minimise the distance function (1.3.1).

The BMTPP s therefore the problem of deferminmg the moufe K. with correspond-

ing solufion seguence S, of minimum fofal disfance C(S) for which T[S, r, ) = T,

Here T denctes the threshold valus for spread, avalue above which a sclution is considerad to
hove an unacceptably high spread. The problem is equivalent to that of Anding the best pos-
sible crder and traversal direction of the ackive traversals in &, To illustate the meaning of
the phrase fmaversal directions, consider the hypeothetical sequence S = {(1,3),(5,4),02,8)).
The order of the sequence dickates the positions of endch active traversal in the sequence,
and the traversal direction dictates whether edge (1, 3), for example, will be traversed from
vartex 1 to vertex 3 (and hence coded as (1,3) in the sequence) or tmaversed from vertex
3 bo vertex 1 (and coded as (3,1)). An example solution to a small SMTPP instance is
presented in the following section.

1.4 Example solution to SMTPP Instance

Consider the small example graph G* in Figure 1.4.1 (used througheout the dissartation for the
purpose of illustration). Assume that the cost weights represent distances and are expressed
in ldlometres. The trawelling times of the edges are calculated by assuming an mrerage
vehicle speed of 60 lum /'h. The speed of 60 lim /'h is chosen to simplify the discussion, becauss
it impliss that the cost weights equal the trawelling time (in minutes) of the edges (and
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L - _,-"'
(4.3) (G, 1)

i(3.3) 42

/ (6.2
|
d

(2

N,

Figire 1.4.1: Graphical representation of 2 small problem graph, GF

hence C(S5*) = TS5 ). Assume also that the fime window T equals 125 minutes and is to
be divided into 2 shifts. 4 candidate sdution to the SMITPP on the problem graph G is

given b

St={(1,3),(4, 2),(3,5), (8, 1),(2,2), (1,2, (3, 4), (4, 2), (2,3), (3, 1), (5,1}, (3,4],(2,2);

This sequence represents the full closed route (1,3), (3,4), (4,2), (2,3), (3,5), (5.1], (1,3},
(3,2), (23, (3,1), (1.3), (3.4), (42), (23), (3.1), (15, (5.1), (13}, (3.4), (4,2), (2,3),
(3,1). Here bold faced edges dencte active traversals, while passive traversals, typeset in
normal font, are found by calculating shortest distance routes between non—ad jacent ac-
tive tromersals in 5°. A graphical representation of the schedule of the route is shown in

Figure 1.4.2.
ilJi P20 (1363, Li [ [T | [ M S T I Y [
| H O O HE | A HE H
a 10 2Q 3 40 50 [=]n} Ta 3 ag 1aa 11a 12 125
-z = - =
Ehift 1 Shifi 2

Figure 14.2: Graphical representation of the schedule of the solution sequence 5°

For this sclution C(5*) = 85 and T(5*,125,2) = 0.204. To illuskrate the calculation of the
tramersal commencement times of the edges, the time at which the second active tromarsal of



1.5, PRACTICAL IMPLICATIONS OF THE SMTFP DEFINITION 11

edge (3,1) (placed second—to—last in the sclution sequence) commences is determined. For
these conditions peshs™ (5°) = 12 and D*=(5*) =85, Substituting this ints (1.3.2) vields

ul M (S, 125, 2) = DR(S™) +

125 -85 | Du(S") I:»125—:'35)
n I 2 ’

and since T'n(S* ) =63 the resulbant time of tmversal is

ul (S0 125,2) =68 +10 + [ 1.6].20 = 98

Posticn m &%  Edge Toversal commencement Hime

1 L2 10
2 (4,2 18
3 (3,5 o7
1 (5,11 33
5 (2,3) 42
@ (1,31 49
7 (3,4 73
g (4,2 77
a (2,2) 83
10 (3,1 26
11 (5,11 a2
12 (3,4 a8
13 (2,21 108

Table 1.4.1: Trmverssl commencemeht fimes of the ed-g'cs in &% for the e:.zn:lp..."e SEnTPF grnp.b ihetmnce
(P

The traversal commencement times of all of the edges in & are displored in Table 1.4.1.

1.5 Practical Implications of the SMTPP Definition

Several practical implications of the definition of the SMTPP are discussed in this sechion,
and practical justification is given for following the approach of viewing the spread obieckwe

o5 a constraint,

Consider the choice of a value for the number of shifts, x. The value chosen for & should
bear a direct relabion to the scheduling requirements of the real-life sivstem. I a service
route is sought owver o pedod of 5 dms then setbing & = 5 15 a logical chodce. In this cose the
heuristics, to be presented later in this dissertation, will cutput 5 shifts of equal length, with
the shifts peositioned evenly through the tobal fime mrailable. Here the tobal time avnilable
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could be expressed as the total number of minutesin & daprs (ie. 5« 24 <80 = 7200 minubes )
ot even simply as the total number of working minutes in 5 das (2g. 5 « 8 « 80 = 2400
minutes ). The heuristics schedule each of these shifts to cocur in the middle of the time
available for a day. The shifts oocur in the middle becauss the algonthms should be generic,
and may not atbempt to deduce any applicaticn—specific scheduling information. Mote, howe-
ever, that the shifts con be mowed together to either the left or dght without inHuencing
the spread objective function wmlue, implving that o work shift can be moved to coincide
with the working hours in a doyv without inHuencing the spread objective, provided that each
day’s shift 15 moved by the same amount of time. The maximmum amount of time that the
shifts can be meoved in this wor equals (v — D451}/ 2« time units.

Frequently there will also be other, less structured, scheduling requirements such as public
helidays or mandatorny wehicle maintenance times to tale into consideration. It is possible to
integrate these, and any other, scheduling rules inko the heurstics in crder to vield o sprend
result that accursbely reflects the final schedule. This is possible because fundamental oper-
ation of the heuristics is independant of the methed used to construct the schedules. Doing
this is, howewver, nct lilely to be worth the effort in practice, and it would generally be far
betber to select the » value that most closely resembles the real-life problem (or simply cne
that would prowide encugh spread ) and to convert the final result inko a practical sched-
ule afterwards (whether manually or using a computer program). [Mevertheless, different
scheduling rules may be incorporated into the heunstics, without incurning undue encecution
time, if they hawe alinear computational complexity in the input graph size and crder, and
this linear function does not have a verv large coefficient.

In practical situations it frequently takes o longer time to troverse an edge actively than
to traverse the same edge possively. This can be expected in applications such as garbage
collection and snow ploughing. This sibuation 15 easy to accommodate, and simply implies
that the new traversal times must be used for the active trawersals when caleulating T (S)
and D**(5). The computer implementations in this dissertation suppart this additional
fenture.
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The decision o treat the spread cbjective as a constraint is made for practical reascons. In
practical applications it is expected that sbtaining at least some desired level of spread is
sufficient, and that any improvement beyvond this point offers little or no extra benefit. In
the heuristics of this dissertation the walie of T is set equal to a user—defined fraction of the
spread of some existing sclution. Specifically, a consfrucfion heuristic (presented in Chap-
ter 3) generates an initial solution to the SMTPP with a farourable spread wmlue, and T
is then set equal toa fraction of this spread value. An fmprovement heuristic (presentad in
Chapter 5 i5 used next in an attempt to improwe on this initial solution and tovield a final
sclution for which TS5, 7, x) = T. In practice, the spread value of the initial construction
heuristic scdution is expectad to be adequata, and it is likely that wery little experimentation
b the practiticner to find a suikable T walue would ba neoessary.

1.6 Ovwverview of Dissertation Structure

The remainder of this dissertation 15 organised as follows. A brief literature surwey 15 pre-
sented in Chapter 2, in order to place the SMTPP in context with respect to other arc
routing problems. A solution construction heuristic for the SMTPP, bosad on graph the-
oretical algorithms, is intreduced in Chapter 3. A loecal search framework for arc routing
problems is the topic of Chapter 4. This framevwork can be used as the basis for improas-
ment procedures for varous trpes of are routing problems, and is used in two heuristics (also
introduced in Chapter 4) for the standard BPP, as well a5 in the improvement heunstic for
the SMTPP of Chapter 5.

Computabional results for the construction and improvement heunstics of Chapbers 3 and &
are presentad in Chapter 6, whilst an industry cose—study, in which the heurstics are applied
to the South African milway network, to determine a route for a track testing vehicle, is pre-
sented in Chapter 7. Conclusions and directions for future wotl are discussad in Chapter 3.

Appendix A conbains the map of the Socuth African railway network used in the case study
of Chapter ¥, while Appendix B lists the solution obtained b the heuristics of Chapters 3
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and & for the case study. Finally, instructions for using the compact disc (attached to the

coner of this dissertation ), are given in Appendix C.



Chapter 2

Literature Survey

The problem considerad in this disserbation may be charackernsed asan Arc Routing Prok-
lem { ARP) because the edges of the graph are visited ar serviced, as cpposed toa Vertex
Routing Problem where the vertices are serviced. Do litersture related specifically to
ARPs with spread requirements, such as the SMTPP, has bean encounterad and the aim
of this section is therefore to provide the reader with an overview of the liberature on relabed
arc routing problems and to describe the relationship betwean the SMTPP and these other
trpes of ARPs.

The At knowrn problem in the discipline of graph theory mme be classified == an arc
routing problem. This problem is known as the Aonigshery Bridges Problem. According
to legend, the citizens of Ionigsberg (presently called Ialiningrad in the Soviet Republic)
amusad themselves by trving to determine a route crossing each of the town's seven bridges
(spanning twe islands ower the river Pregel) evactly onece and returning to their starting
point. Eventually thevr came to the conclusion that this was impossible. In 1736 Leonhard
Euler [30] proved that it was indead impossible. The arc routing problems mentioned in this
section, including the arc routing problems with spread requirements, are all closelv relabed

to the Konigsberg Brid ges Problem.

15
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2.1 Arc Routing Problem Tyvpes

Are Routing Problems (ARPs) may be seen as a special case of the clas of General Routing
Problems (GRPs) (Male ef ol [71], Orleff [T8] ). Let G = (1,4 LU E) be a connected graph,
where 17 = {vy,..., v, 15 the verbex set, £ = {{v;, 0} : v5,v; € 1V oand i & 5} is the
edge set and 4 = [{v;, ;0 4,2

E ; € Voand i # j} is a set of directed adges (ie arcs) A
nonnegative cost (i, ), typically the distance that the edge represents, is msociated with
every edge or arc viv;. When 4 = @ the graph is called wndirected and when £ =0 the graph
is called direcied. Graphs that contain both directed and undirected edges are called mirred
graphs. In GEPs cne seels a minimum oost closed moute that includes a subset O C T
of reguired verfices and a subset B C (A UE) of requrad edges, but may invelve other ver-
tices and edges if necessary. Two important classes of ARPs moy be derived from GRPs,
namely the Chmese Postman Problem (CPP ) and the RAural Posman Problem (RPP). For

the CPP, Q =0 and B = (A UE), and fer the RPP, Q= and B C (AU E).

I § is undirected, the CPP can be sclved in O(|V(G)|*) time (Eiselt & al [28]) and if
G is directed it can be solwed in O(|V(G)|7) time (Lin and Zhao [89]). The mived CPP
is, however, IMMP-Hard {Papadimitricu [77] ), even when all the weights (i, ) are equal. An
integer programming formilation and background on exact solution methods for the mived
CPP is provided by Mobert and Picard [75]. The sc-called windy postman problem [ WPP)
(MMinieka [74]) is closely related to the mixed CPP, except that in the WPP <z, ) doss
not necessarily equal {7,7). The WPP is ITP-Hard ( Guan [53]) although a sclution can be
found in polynomial fime if § is evlerian (Zin [§2]), that is if it is possible o find a closed
route troversing each edge of G ance and only once. The k—person CPP (Paarn [79] ) is an
extension of the CPP in which a st of & closed moutes needs to be found from a common
verbex, For this problem eadh edge must be contained in at least cne of the routes and all
of the k routes must contain at least an edge. The bpemson CPP is polvnomially soliable

in cerkain cases.

The hierarchical chinese postman problem (HCPP) (Dror ef al [24]) is still ancther gen-
eralisaticon of the CPP. In the HCPP there is a precedence relaticnship defined cn the
edges of the graph, which dictates the crder in which the edges must be traversed (for the
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frst time that thev are traversed ). The problem is MP-Hard (Dror ef 2l [24]), but can
be solved in paynomial time under special conditicns. Ghiani and Impreta [40) present
an efficient algorithm of the undirected HCOPP. In the mammum benefif chinese postiman
problem (MBCPP) (Malandrald and Dasldin [70]) the constmint that each edge needs to
be sarviced is relaxed and a benefit is associated with the traversal of each adge (in addition
to the oot of fravrersing the edge). This benefit is a function of the number of times that the
edge hos been trovrersad and the goal of the preblem is to find a closed route of masdmum
net benehfit.

The RPP is more frequently used to medel practical problems than the CPP becauss of
the fact that it does not require all of the edges of the graph to be traversad. The RPP is
IIP-Hard (Lenstra and Rinnooy Ian [63]), except when the problem reduces to a polynomi-
ally sclvable case of the CPP (in these cases B = (AU E ). Since the problem considered in
this dissertation is a generalisation of the undirected RPP, this form of the RPP is dealt
with in more detail here.

A welldenown heuristic for the undirected RPP is Fredericlson’s heurstic (Frederidison
33]), which is bosed on a procedure by Christcfides [16] for the Travellmg Salesman Prob-
lem (TSP). Fredericlscon’s algorithm has a worst-case perfarmance of 3,2 times the optimal
sclution for any graph that satishes the friangle megualify. The triangle inequality is satis-
fied if the cost coeficients satisfy o(i, ) < (i, k) + ek, j) for all ¢, j and k. The algerithm
i5 emploved later in this dissertation in a modified form in the construchion heuristic for
the SMTPP of Chapter 3. Pearn and Wu [30] present two heuristics basad on alterations
to Fredericlson’s algorithm that seem to vield improwements in some casss. The heuristic
by Fernandez de Cardoba ef al [31] makes use of Monte Carlo methods and seems to be
a computationally efficient approach, at lenst over the small test instances for which thew
present results. The heuristic vields comparable results to that of Fredendoson’s heuristic
tor their test datn, though the data set 5 nob large encugh to drow reliable conclusions.
The procedures by Hertz ef 2l [55] appear to viald the best results in terms of sclution
quality out of the heurstics reported in the literature. However, their high computational
complexity would seem to limit their applicability to smaller graphs. Eanct algorithms for
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the undirected R PP have been proposed by Christofides ef al. [17], Corberan and Sanchis
[19], Letchford [64], and Ghiani and Laperte [41]. The algorithm by Ghiani and Lapearte
has been used to solve instances with 350 vertices to optimality, representing the largest
instances reported solved by either exact or heuristic methods. A heuristic and an eact
algorithm for the directed RPP have been proposad by Christofides [18]. Letchford and
Eglese [65] present an exact algorithm for a version of the RPP containing deadline classes,
which specify time windows durng which each of the required edges nead to be serviced.
The BEPP with deadline classes contains the RPP = a special cose and 15 therefore also
FP—Hard.

The stacker crane problem (SCP) (Eiselt ef al. [28]) is related to the RPP and is the prob-
lem of determining a route of minimum weight including each arc of 4 at least onee, with no
requirements concerning the trowersals of the edges of B, The arcs 4 may be considered to
be movements to be pedformed by o crane, each exnctly once, in a specified direction. The
SCP is also IMP-Hard. Fredericlson & al [34] have proposed fwo heuristic algorithms for
the SCP. The capaciiafed arc rouimg problem (CARP), intreduced b Golden and Weng
[43], is also related to the RPP. In the CARP, each edge »v; has a nonnegative weight
w(i, 7) in addition to the usual cost of traversing. The CARP is the problem of finding
the minimuim oost set of m closed routes through some domicile vertex such that each of
the arcs in R are towemed at lesst once by any of the routes and 50 that the sum of the
w(i, 7) values of the arcs traversed by each route do not enceed a capacity value 7. This
15 analogous to debtermining service routes for m identical wehicles from a depot. Many real
problems have capacities associabed with them and the CARP therefare has considerable
practical significance. The RPP is a special case of the CARP with IV = ||, w(i,ji =1
if v;,w

5Y; £ i and w(i,j) = 0 if ¥

J:IL

i

Golden e al [47], Pearn [73] and Hertz ef al [56] for heuristic algorithms, and Belangeur
and Benavent [4], as well as Golden and Wong [48] for integer programming formulations of

g2 K. The CARP is therstore also [TP-Hard. See

the CARP.
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2.2 Literature Surveys

Surveys on arc routing problems include the book edited by Dror [23], as well as the twe—
part survev by Eiselt ef al [28, 29], and a chapter in the bock edited by Ball ef al [3].
The literature on arc routing problems does not generally assume a particular application
area, though the majorty of arc routing applications are related to the routing of vehicles.
Literature on the routing of whicles include the book of case studies edited by Golden
and Assad [46], and the survey by Bedin [11]. The papers by Bodin [3] and Assad [46]
describe sspects of real-life wehicle routing problems that are not typically addressed by
technical papers on the subject. Practical applicaticns of are reuting medels include electric
meter reading (Stern and Dror [87], Wundetlich ef ol [93] ), control of platbting and drilling
machines | Grotschel ef gl [4] ), optimisation of laser—plotter beam movements ( Ghiani and
Improta [39)]), bus reuting (Angel ef al [1], Bennst and Geacis [E], Bedin and Berman [9],
Braca ef al [13], Desrcsiers ef al. [21] ), mail delivery (Levy and Bodin [66], Ry and Rousseau
[34]), garbage ccllection (Beltrami and Bodin [5], Bedin ef 2l [10], Gelders and Cattrysse
[36]), strest sweeping (Bodin and Iursh [12], Eglese and Murdeck [27]), and snow gritting
(Eglese [26]). Surveys on techniques for verbex routing problems include the book edited by
Teth and Vige [00], the survers by Laperte of all [E1, 6], and the survey by Johnson [53].



CHAFTER 2.

LITERATURE SURVEY







